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Abstract. The scope of this paper is to determine the generalized form for equivalent 
tension generator theorem (Helmholtz-Thèvenin theorem) for three-phase electrical 
circuit. Any complicated electrical power systems we can reduce depending on any 
three-phase electrical consumer to a three-phase electrical generator that has certain 
internal impedance. Starting with this assumption, we have demonstrated the way to 
obtain the electromotive voltages for an equivalent generator and its internal 
impedances.
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11. Introduction
From specialized literature is show that a linear and active electrical system, so active linear 
dipole, can reduce to an electrical generator. Its electromotive voltage is equal with idle 
running system voltage reporting to a-b terminals and its internal impedance equal with 
measured impedance starting at a-b terminals, when the network is passive.
We are starting with following notations, from figure 1.
0abU > The idle running voltage for the linear active dipole reporting to a-b terminals.
abpZ > The linear impedance of active dipole, looking to a-b terminals, then its passive.
Z > The charge impedance.
We propose to generalize the Helmholtz-Thèvenin’s theorem for a linear active electrical 
three-phase system, without magnetic couplings, as we see in figure 2.
So, we will demonstrate that we can substitute all three-phase electrical system, looking to 
terminals consumer, at 1Z , 2Z , 3Z impedance, with three-phase electrical generator, its 
electromotive voltages are 1eU , 2eU , 3eU and its internal phase –impedance are 1iZ , 2iZ , 
3iZ , as we see in figure 2.
In these assumptions, we will determinate the parameters of electrical generator in terms of the 
system’ parameters and consumer position. 
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Figure 1. The Helmholtz-Thèvenin’s theorem for linear active electrical dipole
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Figure 2. The generalized Helmholtz-Thevenin’s  theorem for three-phase electrical circuit.
a) an linear three-phase electrical system connected to three-phase consumer
b) an equivalent three-phase electrical generator with the system connected to the same 
three-phase consumer.
22. The parameters determination for equivalent electrical three-phase generator without 
null wire
By hypothesis, the electrical three-phase system is linear so, between the terminal voltages and 
the electrical current of consumer is the relation:
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In order to determine the constant 2Cˆ , we will consider the consumer power off, so that the 
system idles functioning in relation to the consumer:
From relation (1) we obtain:
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We can also obtain the current values at consumer equal to zero by electrical way, if the 
consumer is connected to a linear three-phase auxiliary generator, as we see in figure 3.
The phase currents to consumer are the expressions:
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Conforming the superposition principle irI currents from system (3) are obtain from 1I , 2I and 
3I  currents do to the system if the auxiliary electrical generator is passive and from 1'I , 
2'I , 3'I electrical currents if the system is passive and working only the auxiliary electrical 
generator, figure 4.
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Figure 3. The electrical connection between the consumer and electrical generator
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    Figure 4. The electrical schema of a passive system and an auxiliary generator that working
We are considered the passive electrical system can be reduce to three impedance in Y 
connected, figure 5.
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Figure5. The electrical schema of a passive system reduces to three impedance’s Y connected.
As we show in figure 6, where are three schema of measuring for the impedance’s, in relation 
with 1, 2 and 3 terminals:
4Figure 6. The schema of measuring impedance in relation with 12, 23, 31 and 34 terminals for 
Y connection.
- in relation with 12 terminals, fig. 6a: ppp ZZZ 2112 
- in relation with 23 terminals, fig.6b: ppp ZZZ 3223 
- in relation with 31 terminals, fig.6c: ppp ZZZ 1331 
- in relation with 34 terminals, fig.6d: ppp ZZZ 4334 
From the last relations we obtain:
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From fig.5, we can observe that pZ 1 , pZ 2  and pZ 3  can be consider internal impedance’s for 
auxiliary electrical generator, so:
ipi ZZ 1 , pi ZZ 22  , pi ZZ 33  and   pi ZZ 44                                    (5)
The equivalent electrical generator has:
- the linear electromotive voltage equal to the linear voltage of the idle running system  in the 
considered point:
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- the internal phase impedance equal to the passive phase electrical system, see in the 
considered point, relation(5). 
Returning in relation (1), we can observe that 1
ˆˆ
C can be obtained from mathematical condition
0ˆU . This is similar one short-circuit at terminals consumer:
211
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For the schema presented in fig.2b and fig.3 and based on the superposition principle, the 
network has an equivalent electrical scheme:
Figure 7. One short-circuits three-phase to the terminals electrical system
From the Kirchhoff’ second theorem we are obtained:
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From (7) and (8) relations we are obtained:
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That is the internal impedance matrix.
3. The generalization of Helmholtz-Thèvenin formulae for three-phase electrical systems 
without null wire
From literature we are the linear active dipole formulae:
IZZU abpab )(0                                      (10)
6Starting with (1), (2), (4), (5) and (9) formula, we are obtained the consumer electrical current 
relation to an electrical three-phase network:
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In matrices form:
IZU ˆˆˆ                                         (12)
So, to three-phase electrical circuit, (10) formulae become:
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Figure 8. The electrical equivalent schema
The matrix Z
ˆˆ
 and pZ
ˆˆ
are non-inverse. This property conduit to the impossibility to
determinate the currents to consumer. 
In order to determine the phase, fiction voltages *3
*
2
*
1 ,, eee UUU  we calculate the centre of gravity 
of the triangle formed by the potentials 302010 ,, VVV of the phases 1, 2, 3, when let open, fig.9.a.
7a)
b)
Fig.9. Centre of gravity determinations for the line tensions triangle
The position vector  1r of the centre of gravity O reported to the vertex 1 has the expression:
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From (14) and (15) relations, we will obtain:
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By circular permutations, we can obtain the other phase, fiction phase’s voltages:
 120230*2 3
1
UUU e                                                           (17)
1
23
10V
20V30V
310U 120U
230U
1r
12r31r
*
1eU
0
2
1
3
310U 120U
*
1eU
*
2eU
*
3eU
0’
0U
230U
8 230310*3 3
1
UUU e                                                           (18)
Neutral displacement of the consumer O’ reported to the centre of gravity O, figure 9.b, is 
given by the relation:
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The matrix of the phase voltages at the consumer is:
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The matrix of the internal impedance three-phased electrical generator has the form:
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And the one for the three-phased consumer:
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The electrical three-phase currents we can write them as a diagonal matrix:
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9There is dependence between the electrical quantities that can be found in the Thèvenin 
theorem of the mono-phased, electrical circuits and the ones that can be found in the three-
phased, electrical circuits without neutral, given by:
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The Thèvenin theorem for the three-phased, electrical circuits without neutral has the 
expression:
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The above relation generalize Thèvenin theorem of the mono-phased, electrical circuits:
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4. Three-phase system with neutral wire
A three-phase system with neutral wire can present in relation with a consumer from four 
terminal accesses:
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Figure 10. Schema of the linear active three-phase system that is connect to a consumer
These four access terminals 1, 2, 3 and 4’ permit to assimilate the system with a multiphase 
system. The off tensions of the system in relation with the access terminals are 120U , 230U , 340U
and 410U . 
In figure 11 is represented the equivalent electrical generator schema that corresponding to the 
four-access terminals system.
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Figure 11. The four-phase equivalent electrical generator schema
In order to determine the phase fiction voltages *4
*
3
*
2
*
1 ,,, eeee UUUU  we calculate the centre of 
gravity of the quadrilateral formed by the potentials 40302010 ,,, VVVV of the phases 1, 2, 3, 4 
when let open, figure 12, a, b.
a)                 b)
Figure 12. Centre of gravity determination of the quadrilateral
The position vector 1r of the centre of gravity O, reported to the vertex 1 of the quadrilateral has 
the expression:
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From relations (28) and (29) we obtain (figure 12.a):
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By circular permutations, we can obtain the other fiction phases-voltages:
 120410340230*2 338
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The non-equilibrate consumer, with impedances 4321 ,,, ZZZZ  connected in a star pattern 
generates the displacement of the neutral electrical potential of the consumer reported to the 
neutral electrical potential of the generator:
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Analogously to the way we have proceeded in the paragraph 3 we obtain:
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In the above relations, 4,3,2,1, iU ei , have the forms (30) and (31), U  has the form (32), 
4,3,2,1, iZip  have the forms (20).
For electrical three-phase circuits with neutral, the Thèvenin theorem has the form:
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5. Conclusions
1. The Helmholtz – Thèvenin theorem for a linear active dipole may be generalized to a linear 
active three-phase system.
2. The obtained formula (27) and (37) generalized the Helmholtz –Thevenin’ theorem. 
3. The system currents determination its make by transformation  -Y.
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